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Abstract
In this paper, we investigated a conjecture [Linear Algebra Appl. 283 (1998) 247] about
the upper bounds of the second largest eigenvalue λ2(T ) of a tree T with perfect matchings,
and proved that the second part of the conjecture is true but the first part of the conjecture is
not true. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
LetGbeagraph with vertex set {v1, v2, . . . , vn}. Its adjacency matrixA(G) = (aij )
is defined to be the n× n matrix (aij ), where aij = 1 if vi is adjacent to vj , and
aij = 0 otherwise. The characteristic polynomial ofG is just det(xI − A(G)), which
is denoted by (G). Since A(G) is a real symmetric matrix, all of its eigenvalues are
real,weassume,without lossofgenerality, that theyareorderedindecreasingorder, i.e.,
λ1(G)  λ2(G)  · · ·  λn(G)
and call them the eigenvalues of G.
Two distinct edges in a graph G are independent if they are not adjacent in G.
A set of pairwise independent edges of G is called a matching in G. A matching of
maximum cardinality is a maximum matching in G, denoted by M(G). The cardi-
nality of a maximum matching of G is commonly known as its matching number,
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Fig. 1.
denoted by µ(G). A matching M(G) that satisfies 2|M(G)| = n = |V (G)| is called
a perfect matching.
In [5], Chang An proposed the following conjecture: Let k be a positive integer,
and T be a tree on n = 2k vertices with a perfect matching. Then
λ2(T ) 
{
r1 if k = 2t,
r2 if k = 2t + 1,
where r1 and r2 are the maximum positive roots of the equations x3 − (t + 1)x +
1 = 0 and x4 − (t + 2)x2 + x + 1 = 0, respectively, t = 1, 2, 3, . . . The equality
holds in the first inequality if and only if T = T 12k , and the equaltiy holds in the
second inequality if and only if T = T 22k , where T 12k and T 22k are the graphs shown in
Fig. 1.
In this paper, we proved that the second inequality is true but the first inequality
is not true, and the equality holds in the second inequality if and only if T = T 22k .
2. Lemmas and results
For convenience, we call a tree with n vertices a tree of order n.
Lemma 1 [3]. Let T be a tree of order n. Then for any positive integer a, there
exists a vertex v ∈ V (T ) such that there is one component of T − v with order not
exceeding max{n− 1 − a, a} and all the other components of T − v have order not
exceeding a.
Lemma 2 [1] (The Interlacing Theorem). Let G be a simple graph with spectrum
λ1(G)  λ2(G)  · · ·  λn(G), and let the spectrum of G− v be µ1  µ2  · · · 
µn−1. Then the spectrum of G− v is “interlaced” with the spectrum of G, that is,
λ1  µ1  λ2  µ2  · · ·  µn−1  λn.
Lemma 3 [1]. Let e = vw be an edge of G, and let C(e) be the set of all circuits
containing e. Then (G) satisfies
(G) = (G− e)− (G− v − w)− 2
∑
z
(G− V (Z)),
where the summation extends over all Z ∈ C(e).
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Lemma 4 [2]. Let v be a vertex in a non-trivial connected graph G and suppose that
two paths of lengths k,m(k  m  1) are attached to G at v to form G∗k,m. Then
(G∗k+1,m−1, x) > (G∗k,m, x) for x > λ1(G∗k+1,m−1).
In particular, λ1(G∗k,m) > λ1(G∗k+1,m−1).
Lemma 5 [6]. Let w and v be two vertices in a non-trivial connected graph G and
suppose that s paths {ww1w′1, ww2w′2, . . . , wwsw′s} of lengths 2 are attached to G
at w and t paths {vv1v′1, vv2v′2, . . . , vvtv′t } of lengths 2 are attached to G at v toform Gs,t . Then either
λ1(Gs+i,t−i ) > λ1(Gs,t ) (1  i  t) or λ1(Gs−i,t+i ) > λ1(Gs,t ) (1  i  s).
Lemma 6 [6]. Let w and v be two vertices in a non-trivial connected graph G and
suppose that s paths {ww1, ww2, . . . , wws} of lengths 1 are attached to G at w and
t paths {vv1v′1, vv2v′2, . . . , vvtv′t } of lengths 2 are attached to G at v to form Hs,t .
Then either
λ1(Hs,t − ww1 − · · · − wwi + vw1 + · · · + vwi) > λ1(Hs,t ) (1  i  s)
or
λ1(Hs,t − vv1 − · · · − vvi + wv1 + · · · + wvi) > λ1(Hs,t ) (1  i  t).
Lemma 7 [6]. Let w and v be two vertices in a non-trivial connected graph G and
suppose that s paths {ww1, ww2, . . . , wws} of lengths 1 are attached to G at w and
t paths {vv1, vv2, . . . , vvt } of lengths 1 are attached to G at v to form Fs,t . Then
either
λ1(Fs+i,t−i ) > λ1(Fs,t ) (1  i  t) or λ1(Fs−i,t+i ) > λ1(Fs,t ) (1  i  s).
Lemma 8 [6]. Let T be a tree on n vertices and µ(T ) = i. Then
λ1(T ) 
√
1
2
(n− i + 1 +
√
(n− i + 1)2 − 4(n− 2i + 1)),
and equality holds if and only if T = T ∗i , where T ∗i is the tree shown in Fig. 2.
Corollary 1 [4]. Let T be any tree on n = 2k vertices and µ(T ) = k. Then λ1(T ) 
1
2 (
√
k − 1 +√k + 3), and equality holds if and only if T = T ∗k .
Fig. 2. T ∗
i
.
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Lemma 9. Let T be a tree of order 2t + 1, µ(T ) = t and T /= T ∗t . Then
λ1(T ) <
√
t + 5
4
(t  3).
Proof. From Lemmas 4–7, if T /= T ∗t , then λ1(T )  max{λ1(T1), λ1(T2)}, where
T1 and T2 are the trees shown in Fig. 3. By Lemma 3, it is not difficult to get the
characteristic polynomial of T1 and T2.
(T1) = x(x2 − 1)t−1(x2 − t − 1),
(T2) = x(x2 − 1)t−3[(x2 − 2)(x4 − tx2 + 1)− x2(x2 − 1)].
Thus,
λ1(T1) =
√
t + 1,
λ1(T2) <
√
t + 5
4
(t  3).
So, we have
λ1(T ) <
√
t + 5
4
(t  3). 
Theorem 1. The first inequality of the above conjecture does not hold.
Proof. By Lemma 3, we have
(T 12k) = (x2 − 1)2t−3[x3 − (t + 1)x − 1] · [x3 − (t + 1)x + 1].
Let f (x) = x3 − (t + 1)x − 1, g(x) = x3 − (t + 1)x + 1. For t  5, we have
f (
√
t + 2) = √t + 2 − 1 > 0,
f (
√
t + 1) = −1 < 0,
f (−1) = t − 1 > 0,
f (−√t + 1) = −1 < 0.
g
(
1
2
(
√
t − 2 +√t + 4)
)
= 1 − 9
2(
√
t − 2 +√t + 4) > 0,
Fig. 3.
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g(
√
t) = 1 −√t < 0,
g(−1) = t + 1 > 0,
g(−√t + 2) = −√t + 2 + 1 < 0.
Since
1
2
(√
t − 2 +√t + 4
)
<
√
t + 1,
we have
λ2(T
1
2k)= the maximum positive root of the equation x3 − (t + 1)x − 1 = 0
<
1
2
(
√
t − 2 +√t + 4).
Let T 32k be the tree shown in Fig. 4. We have from Lemmas 2 and 8 that
λ2(T
3
2k)  λ1(T ∗t−1)=
√
1
2
(t + 1+
√
(t + 1)2 − 8,where |V (T ∗t−1)|=2t − 1.
For
1
2
(
√
t − 2 +√t + 4) <
√
1
2
(t + 1 +
√
(t + 1)2 − 8,
we have
λ2(T
3
2k) > λ2(T
1
2k) (k = 2t, t  5). 
In fact, we have the following further result [7]: Let T be a tree on n = 2k vertices
with perfect matchings. Then λ2(T )  r3, where r3 is the maximum positive root of
the equation (x4 − (t + 1)x2 + 1)(x2 + x − 1)+ x = 0. The equality holds if and
only if T = T 32k .
Let 2k = {T | T is a tree on 2k vertices with perfect matchings}.
Theorem 2. The second inequality of the above conjecture holds, and the equality
holds if and only if T = T 22k .
Proof. We distinguish the following two cases:
Case 1: If t  2, from the tables of graph spectra (see [1]), the result is obvious.
Case 2: If t  3, considering the characteristic polynomial of T 22k , we have from
Lemma 3 that
Fig. 4. T 32k .
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(T 22k) = (x2 − 1)2t−3[x4 − (t + 2)x2 − x + 1][x4 − (t + 2)x2 + x + 1].
Let h(x) = x4 − (t + 2)x2 − x + 1, p(x) = x4 − (t + 2)x2 + x + 1.
Since
h(
√
t + 3) = t + 4 −√t + 3 > 0,
h(
√
t + 2) = 1 −√t + 2 < 0,
h(0) = 1 > 0,
h(−1) = 1 − t < 0,
h(−√t + 2) = √t + 2 + 1 > 0,
p(
√
t + 2) = 1 +√t + 2 > 0,
p
(√
t + 5
4
)
= −3
4
t +
√
t + 5
4
+ 1
16
< 0,
p(0) = 1 > 0,
p(−√t + 2) = 1 −√t + 2 < 0,
p(−√t + 3) = t + 4 −√t + 3 > 0,
then
λ2(T
2
2k) = the maximum positive root of the equation
x4 − (t + 2)x2 + x + 1 = 0 >
√
t + 5
4
.
Suppose that T ∗ ∈ 2k(k = 2t + 1) and for any tree T ∈ 2k, λ2(T )  λ2(T ∗).
Take a = k − 1 in Lemma 1. Then there exists v ∈ V (T ∗) such that there is one
component T0 in T ∗ − v of order not exceeding k, and all the other components of
T ∗ − v, say Ti (i = 1, 2, . . . , s), have orders not exceeding k − 1.
If |V (T0)|  k − 1, since T ∗ has a perfect matching, we have from Lemmas 2
and 8 that
λ2(T
∗)  λ1(T ∗ − v)  12 (
√
t − 1 +√t + 3).
Since
1
2
(
√
t − 1 +√t + 3) <
√
t + 5
4
,
then λ2(T ∗) < λ2(T 22k), a contradiction with the above hypothesis. So, we have|V (T0)| = k = 2t + 1. Since T ∗ has a perfect matching, then µ(T0) = t . By Lemma
9, if T0 /= T ∗t , then
λ2(T
∗)  λ1(T − v) <
√
t + 5
4
< λ2(T
2
2k),
a contradiction. So, we have T0 = T ∗t . Then T ∗ −
⋃s
i=1 V (Ti) = T3, where T3 is the
tree shown in Fig. 5.
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Fig. 5. T3.
Let T ∗ − u = (T0 − u) ∪ T ′0. By similar reasoning, we have T ′0 = T ∗t and T ∗ −
V (T0 − u) = T3. Then T ∗ = T 22k , and the proof is complete. 
References
[1] D.M. Cvetkovic, M. Doob, H. Sachs, Spectra of Graphs: Theory and Applications, Academic Press,
New York, 1980.
[2] Q. Li, K.Q. Feng, On the largest eigenvalue of graphs, Acta Math. Appl. Sin. 2 (1979) 167–175 (in
Chinese).
[3] J.Y. Shao, Bounds on the kth eigenvalues of trees and forests, Linear Algebra Appl. 149 (1991) 19–34.
[4] G.H. Xu, On the spectral radius of trees with perfect matching, in: Combinatorics and Graph Theory,
World Scientific, Singapore, 1997.
[5] Chang An, Bounds on the second largest eigenvalue of a tree with perfect matching, Linear Algebra
Appl. 283 (1998) 247–255.
[6] J.M. Guo, S.W. Tan, On the spectral radius of trees, Linear Algebra Appl. 329 (2001) 1–8.
[7] J.M. Guo, S.W. Tan, A note on the second largest eigenvalue of a tree with perfect matchings (sub-
mitted).
